We present a systematic procedure of finding the shock wave equation in anisotropic spacetime of quadratic gravity with Lagrangian L = R +Λ+αR µνσρ R µνσρ +βR µν R µν +γR 2 +L matter . The general formula of the butterfly velocity is derived. We show that the shock wave equation in the planar, spherical or hyperbolic black hole spacetime of Einstein-Gauss-Bonnet gravity is the same as that in Einstein gravity if space is isotropic. We consider the modified AdS spacetime deformed by the leading correction of the quadratic curvatures and find that the fourth order derivative shock wave equation leads to two butterfly velocities if 4α + β < 0. We also show that the butterfly velocity in a D=4 planar black hole is not corrected by the quadratic gravity if 4α + β = 0, which includes the R 2 gravity. In general, the correction of butterfly velocity by the quadratic gravity may be positive or negative, depends on the values of α, β, γ and temperature.
Introduction
The notion of the out-of-time-order (OTO) correlator was introduced in the context of semiclassical methods in superconductivity many years ago [1] . Recently, it has received renewed attention in the context of the AdS/CFT correspondence, where the butterfly effects (quantum chaos) can be studied by looking at black holes. Many novel aspects and interesting properties have been found [2, 3, 4, 5, 6, 7, 8, 9, 10] . The OTO four-point function between a pair of local operators W (t, x), V (t, x) is defined by [W (t, x), V (0)] ) .
(1.1)
For the case of W (t) = x(t) and V (0) = p x , in the semiclassical limit where [x(x), p x ] = i {x(t), p x } = i ∂x(t) ∂x(0) which describes how the final position depends on the small changes of the initial position, this correlator can be used to diagnose the quantum chaos. The constant t * in (1.1) is the scrambling time at which the commutator grows to be O(1). The buttery velocity v B characterizes speed at which the perturbation grows; the Lyapunov exponent λ measures the rate of growth of chaos.
It was found that the Lyapunov exponent is bounded by temperature T, λ ≤ 2πβ where β = 1 T [8] . The inequality saturates for a thermal system that has a dual black hole described by the Einstein gravity. The quantum correction to the chaos, which modifies the Lyapunov was studied in [9] . Butterfly velocity has also an interesting property that it is related to the diffusion constant [11, 12, 13, 14] .
In the context of holography, the shock wave near the black home horizon provides a description of the buttery effect in the dual field theory and butterfly velocity is identified by the velocity of shock wave, which describes how the perturbation spreads in space [2, 3] . The method of finding the shock wave velocity for the general spacetime with matters was described in many years ago [15, 16] . Such a method has been used to obtain the butterfly velocity in the dual field theory by studying shock waves of the various black holes [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35] . In [2] , it was found that the speed of propagation is
where D is the spacetime dimension of the bulk theory. Later investigations have extended this result to anisotropic black holes/branes [22, 26, 27, 29, 31, 33] . The butterfly velocities described by the higher derivative gravities, including massive gravity and Gauss-Bonnet gravity, were discussed in [5, 23, 24, 26, 27, 33] . It was found that the Gauss-Bonnet term (in the absence of matters) modifies the screaming time but does not change the shock wave equation [5] . 1 The butterfly velocity in four-derivative gravity for isotropic spacetimes was partially studied in [23] .
Higher-derivative gravities find many applications in the study of holography. For instance, the authors of [38, 39, 40, 41] considered a Lagrangian L = R + Λ + αR abcd R abcd + βR ab R ab + γR 2 + L matter (1.3) and found that for a small value of quadratic curvature the ratio of the shear viscosity η to the entropy density s is modified by η s = 1 4π (1 − 4α). The viscosity bound established in [42] is therefore violated in higher derivative gravities for α > 0. Holographic superconductors with higher curvature corrections had been extensively studied [43, 44, 45] . Holographic shear sum rule in Einstein gravity corrected by squared curvature was studied in [46] . The higher derivative terms are shown to have a strong impact on the bound on charge diffusion [47, 48] .
In the previous paper [33] , we considered the Gauss-Bonnet gravity with arbitrary matter fields and derived a general formula of butterfly velocity. We calculated the butterfly velocity in planar, spherical, and hyperbolic black holes for the Gauss-Bonnet gravity, with Maxwell and scalar fields. The goal of this work is to consider butterfly velocity in anisotropic space of more general quadratic gravity (1.3) with arbitrary matters.
The paper is organized as follows.
In section 2, we briefly discuss some basic properties of quadratic gravity, including the R 2 gravity, Gauss-Bonnet gravity, and conformal gravity. In section 3, after describing general anisotropic space, we discuss the Kruskal coordinates and shock wave equations.
In section 4, we collect formulas needed for section 5, where we will reproduce the butterfly velocity in the anisotropic space of Einstein gravity.
In section 6 we derive the simplified form of the shock wave equation in the quadratic gravity. The equation is shown in (6.5) which has only six terms. Among them four terms are quadratic curvature and two terms are derivative of curvature. In section 7 we calculate the six formulas associated to the six terms.
In section 8 we use the results to obtain the formula of butterfly velocity in the anisotropic space of Gauss-Bonnet gravity theory. The formula is shown in (8.1) which, in the case of isotropic space, reproduces the equation (4.18) in our previous paper [33] . The double summations in the formula (8.1) means that the shock wave equation in the anisotropic space is a non-trivial extension of that in the isotropic space. Using the formula we prove that : In the D-dimensional planar, spherical or hyperbolic black hole spacetime the Einstein-Gauss-Bonnet gravity has the same shock wave equation as that in Einstein gravity if and only if the space is isotropic.
In section 9 we first apply the formula to the isotropic spacetime in which the black hole is planar, spherical or hyperbolic. Then we apply the result to the metric in [38] , which is an 1 The Gauss-Bonnet gravity is the simplest quadratic correction of the Einstein theory without introducing derivatives higher than second in the field equation. Higher derivative corrections arise due to stringy corrections of the classical action. In terms of AdS/CFT correspondence this corresponds to next-to-leading order corrections in the 1/N expansion of the dual CFT [36, 37] .
analytic solution in leading order of quadratic gravity, to calculate the butterfly velocity. The final formulas are shown in eq.(9.27) and eq.(9.28).
In higher derivative gravity the shock wave equation is fourth order and the metric provides two sources for two operators in the context of AdS/CFT correspondence. Since that each operators results to a butterfly velocity and in general we have two butterfly velocities [23, 24] . However, we show that : Only if 4α + β < 0 could the second velocity appear. We also prove that : The butterfly velocity in D=4 planar black hole does not be corrected by the quadratic gravity if β + 4α = 0, which includes the R 2 gravity. We present various explicit butterfly velocity in the Gauss-Bonnet gravity, conformal gravity, and R 2 gravity respectively. We see that, depending on the values of α, β, γ, and the black-hole shape the velocity correction from the quadratic gravity may be from positive to negative or from negative to positive while increasing the temperature. We also use our formula to check the two butterfly velocities in a special quadratic gravity which was first derived in Alishahiha's paper [24] . Last section is a short summary. Many detailed tensor calculations are collected in appendix.
Quadratic Gravity
We are interested in the general higher-derivative gravity described in (1.3). The equation of equation is
where
3)
Note that D ab = 0 when β = −4α, α = −γ: this is the Gauss-Bonnet gravity where terms with higher derivatives (more than second-derivative) do not appear. We will find an interesting property that ∇ a ∇ b R does not correct the shock wave equation. In fact, we will find R ab contributes to fourth-order derivatives, and ∇ a ∇ b R gives only a firstorder derivative correction. K ab will give a second-order derivative correction, shown in (7.1) ∼ (7.6). In the case of β = −4α, the shock wave equation then becomes second-order. See [24] for this particular case.
The Gauss-Bonnet gravity is non-renormalizable but ghost free. It can be shown that the inclusion of the GB term entails causality violation [49] 2 . However, this does not totally rule out its uses in the holographic context. In the case α = which has ghosts, though it is renormalizable [50, 51] . 3 The R 2 gravity is a simple modification to the Einstein gravity with various interesting applications. One can, for instance, include R 2 to study the late-time expansion of the cosmic acceleration [54] .
We will consider butterfly velocities in all these cases.
Kruskal Coordinate and Shock Wave Equation
For self-consistent we briefly describe the Kruskal coordinate and sketch the derivation of shock wave equation.
Kruskal Coordinate
We will derive the formula of butterfly velocity in the following anisotropic background:
where horizon locates at r = r H . Note f (r H ) = 0 while a(r H ) = 0, b(r H ) = 0. The associated temperature of above black hole or black brane is given by
The line element of time and radial parts can be expressed as
where the tortoise coordinate r * is defined by
Thus, on the horizon the tortoise coordinate r * (r H ) approaches −∞.
The metric can now be written in Kruskal coordinate
(t+r * ) (3.10)
In the tortoise coordinate r * (r H ) = −∞ and thus on the horizon U = U H = 0. Above relation tells us the exact relation between U V and r * while (3.6) tells us the relation between r * and r near the horizon. Above definitions and relations imply that
Another useful relations are
which can be expanded in the same way. These relations are used in section 9.
Shock Wave Equation
The metric (3.7) describes the solution of generalized Einstein equation with general form of stress tensor. We can express it as
where G is the generalized Einstein tensor in which the associated Lagrangian can be arbitrary function of metric, connection and curvature tensor. Along the arguments of Dray and G. t'Hooft [15] , for U < 0 the spacetime is described by (3.7). After adding a small null perturbation of asymptotic energy E.
the spacetime is still described by (3.7) but V is shifted by
The function α(x) will be determined by a shock wave equation which is to be determined. The resulting metric and energy momentum tensor are
where Θ = Θ(U ) is a step function and we use a short notation
In terms of the new coordinates [16] 
the metric and stress tensor can be expressed by the following simple forms:
Now, we have to solve the generalized Einstein equation (we drop hat notation in what follows.)
The key point found in [16] is that in the model spacetime we can check that
V V = 0. Thus, T matter remains only a linear term in perturbation, i.e. −2TÛVαδ dÛ 2 and the generalized Einstein equation becomes
U U is the first-order correction of the generalized Einstein tensor in the metric (3.25) . This is the shock wave equation.
Using above formulation we will present a systematic procedure to find the differential equation of α(x) in the anisotropic spacetime (3.25) of quadratic gravity and thus obtain the associated formula of butterfly velocity.
4 Formulas of R a bcd , R ab , R, δR a bcd , δR ab and δR
To save the index we denote G U V as the tensor of G (0) U V which is that evaluated in unperturbed metric (3.7), and denote δG U U as G (1) U U which is the term linear in α(x) that evaluated in the perturbed metric (3.25). We denote coordinate index by a, b, c, d and these not U, V by i, j, k, m, n.
We now have to calculate δG U V and G U V . Since it contains many terms and, at first sight, seems to be an impossible work. We will show that this is not the case due to the particular metric ansatz in (3.7) and (3.25) . After the calculation, with the help of appendix A, we collect some basic and useful relations in this section. 
Formulas of R
Proposition 2 : On the horizon the non-zero values of R ab and R are
where the superscript (S) is used to specify the coordinate dx i (S) in metric (3.7). The notatioṅ =0 is used to emphasize that the value is calculated on the horizon. Notice that the index (S) in R i(S) jkm means that indices i, j, k, m have to be on the same (S) otherwise the tensor is zero. We useR
In isotropic space above relation reduces to D = 2 + d while other literature denotes D = 1 + d. Our notation is convenient when space is anisotropic.
Formulas of δR a bcd , δR ab and δR
Besides the values of R a bcd , R ab and R we need also the values of δR a bcd , δR ab and δR, which after using the textbook relation
are calculated in below with the help of appendix B and C. Note that the perturbed metric in (3.25) gives
The factor δ(U ) in here tells us that the perturbed curvature or any function A(U V ) are calculated on horizon and, for brief, we will express A(0) as A in the following. Proposition 3 : On the horizon the non-zero values of δR a bcd are
Proposition 4 : On the horizon the non-zero values of δR ab are δR U U and δR = 0.
where the Laplacian is defined bȳ
and∇ i is the covariant derivative in the space with metricḡ (S) ij .
Butterfly Velocity in Anisotropic Space of Einstein Gravity
We can now apply the above basic relations to find the velocity of butterfly propagating in the anisotropic spacetime of Einstein gravity theory. In this case the shock wave equation (3.29) becomes
in which we have used the Proposition 4, i.e. δR = 0 to arrive the second line. Two terms being proportional to curvature R in second line are canceled to each other after substituting the definition of δg U U in (3.25) and it gives the third line. Substituting the values of R U U and δR U V in the Proposition 2 and Proposition 4 respectively we then obtain the fourth line. The key equation (3.28) : G
V V = 0 is consistent in the above model spacetime. Above equation was first derived by us in the eq.(2.28) of [33] .
The differential equation of α(x) is then described by
We now consider the case in which the local source is a(x) = δ(x
The find the corresponding butterfly velocity we can express above equation as
and the butterfly velocity along the direct x
where we have used the relations of (3.15) and (3.13). Formula (5.3) was first derived by us in eq.(2.30) in [33] .
Simplified Shock Wave Equation in Quadratic Gravity : Six Terms
To proceed we need the fifth proposition which, with the help of proposition 1 ∼ proposition 4, can be proved straightforwardly : Proposition 5 : On the horizon
Then using these relations we begin to evaluate G
U V α(x) δ(U ) which, after explicitly expanded is
To obtain the last relation we have used the properties of Proposition 5 to conclude that the operator δ in first bracket of (6.2) only produces δg U U . After substituting the explicitly forms of
in first bracket and g U V = A(U V ) in second bracket we see that they are canceled to each other and we get the final result. The property that terms proportioning to g ab are canceled by terms proportioning to δg ab has already shown in the Einstein gravity in (5.1). Eq.(6.3) has six zero-order terms and six first-order terms. It is interesting to see that we could furthermore simplify it to only six first-order terms of another form.
Using the metric properties in (3.7) and (3.25) we can find a simple relation for any function of
After identifying F U U as R U cde R cde U , R U cU d R cd , · · · we can substitute them into equation (6.3) and find that
Now, it remains only six terms. Among them four terms are quadratic curvature and two terms are derivative of curvature. With the help of appendix, after calculations we collect the six terms in the following section.
7 Six Formulas
Using the proposition 1 ∼ proposition 4 we can find following four formulas : Formula 1 :
Formula 2 :
Formula 3 :
Formula 4 :
A h (S) (7.4)
Formulas of δ( R
We perform more calculations in appendix to obtain following two formulas : Formula 5 :
Formula 6 :
Butterfly Velocity in Anisotropic Space of Gauss-Bonnet Gravity
We now apply the calculations in the previous section to the simplest case of Gauss-Bonnet gravity in which α = γ GB , β = −4γ GB , γ = γ GB . In the Gauss-Bonnet gravity there is not terms of derivation of curvature. The equation (6.5) becomes
Let us make three comments about the result :
1. In the case of isotropic space we can remove the summations over S andS, then formula (8.1) reproduces the formula (4.18) in our previous paper [33] .
2. Dues to the appearance of double summations the formula (8.1) is not just that adding a simple summation over S to the formula (4.18) in [33] , in which only isotropic space was analyzed . Thus the shock wave equation in anisotropic space is a non-trivial extension of that in isotropic space.
3. Consider the the planar, spherical, or hyperbolic black hole metric in (9.2) and using the relations (9.3) and (9.4) we find that
Substituting this relation into (8.1) we see that the shock wave equation of Einstein-GaussBonnet gravity and Einstein gravity, in (5.2), obey the same differential equation when the space is isotropic. The double summations in the formula (8.1) will ruin this property when the space is anisotropic. Thus, we conclude that in the D-dimensional planar, spherical or hyperbolic black hole spacetime the Einstein-Gauss-Bonnet gravity has the same shock wave equation as that in Einstein gravity if and only if the space is isotropic.
Butterfly Velocity in Isotropic Space of Quadratic Gravity

Formula
In this section we use the formula to find the simplified formula for the gravity in the following simple space 5
The constant N 2 is introduced to make the metric to be AdS space asymptotically. We consider 2+d dimensional planar, spherical or hyperbolic black holes. The general metric isḡ
5 Through coordinate transformation the space can become a general form :
+ h(r)ḡij(x)dx i dx j and property found in this paper is very general
Note that the shock wave equation has two parts, one is from Einstein gravity (EG) and another is from quadratic gravity (QR). The results are
which are calculated from (7.1), (7.2), (7.3) and (7.4) respectively.
Note that above four results have a common factor "∆α(
. This factor is just that appears in the Einstein gravity (9.6). Thus, the shock wave equation in the Einstein gravity and Gauss-Bonnet gravity have the same form. This property was first found in [5] . While the original paper studies the simplest AdS geometry we have in [33] proved that this property also shows in the Gauss-Bonnet gravity with arbitrary matters. Now, we have extend the study to the arbitrary anisotropic space and find that this property only appear in the isotropic space. See the discussion below (8.1). To consider general quadratic gravity we also need following calculations
which are calculated from (7.5) and (7.6) respectively.
Examples
We apply these formula to the spacetime (9.1) with
, h(r) = r 2 (9.14)
The black hole horizon and temperature 6 are
Above metric was first derived in [38] . It had been used by [38, 39] to show the viscosity bound violation and shear sum rule in higher derivative gravity theories [46] . We will use this metric to study the effect of quadratic gravity on the butterfly velocity. After the calculation the shock wave equation (3.29) becomes
The appearing of the term∆∆α(x), which is fourth-order derivative of α(x), is the general property after introducing the quadratic gravity.
To proceed we can follow the paper [24] to find the two butterfly velocities therein. In general the solution can be written as
The temperature form in (9.19 ) is shown in [38] , which is that without factor N .
where the butterfly velocity is defined by [2] 
M (i) are calculated from the following equation
The details are described by Alishahiha et. al. in [24] . After calculation the final formula of the holographic butterfly velocity propagating in the space (9.14) becomes
in which (α, β, γ) 2 represents any function of second order of variables α, β, γ. We now use above relations to discuss the various properties of butterfly velocity in quadratic gravity.
1. The second velocity becomes zero if 4α + β = 0. This is the result that C 2 = 0 when 4α + β = 0 and the shock wave equation becomes second-order derivative differential equation. It is interesting to see that second velocity can appear only if 4α + β < 0.
2. In the case of β + 4α = 0, this including the R + γR 2 gravity, the second velocity is zero and the first velocity becomes
In this case the butterfly velocity in D=4 planar black hole, i.e. d=2 and k=0, does not have correction from the quadratic curvatures. 3. The quantities (β + 4α) and (γ − α) in eq.(9.27) measure the deviations from the GaussBonnet gravity. The case of both quantities being vanish corresponds to the Einstein-GaussBonnet gravity and
which was first found in [5] . The factor 1 −
α is from the constant value of N , which defined in (9.1), while the another factor d+1 2d is from the shock wave equation in the Einstein-Gauss-Bonnet gravity. Thus we see that in the planar, spherical or hyperbolic black hole spacetime the Einstein-Gauss-Bonnet gravity have the same shock wave equation as that in Einstein gravity. See more discussions below (8.1). 4. When d=2, i.e. D=4, the the butterfly velocities show the property that (9.28) and (9.28) are functions of (β + 4α) and (γ − α). This reveal that D=4 Gauss-Bonnet term is topological. It is interesting to see that the property also shows in the case of d=1.
5. In the case of R + γR 2 gravity the second velocity is zero and the first velocity becomes
This means that for the D=4 planar black hole the R 2 gravity does not give any correction to the butterfly velocity. Other cases, d = 2 and/or k = 0, the correction maybe positive or negative, depending on the values of k, γ. 6. In the Einstein-Conformal gravity in which β = −2α and γ = 1 3 α the second butterfly velocity becomes
which shows a different behavior form that in R 2 gravity, since that for the D=4 planar black hole the conformal gravity will correct the butterfly velocity. 7. At high temperature we have a simple relation
which is independent of the values of d, k and γ. This means that, at high temperature the butterfly velocity is independent of the space dimension, black hole geometry (planar, sphere or hyperbolic), and R 2 term can correct the butterfly velocity, if it exists, only at order T (0) . 8. At low temperature we have a simple relation
which means that at low temperature the butterfly velocity will depend on the space dimension and black hole geometry. Comparing last equation to the case of high temperature expansion we see that, depending on the values of α, β, γ and k, the velocity correction from the quadratic gravity may be from positive to negative or from negative to positive while increasing the temperature.
Finally, We can directly apply the general formula derived in previous subsection to a simple case in which the metric solution is the Schwarzschild-AdS black hole solution
since that any solution of the pure Einstein theory continues to be a solution of the theory with the quadratic modifications.. This is the spacetime considered by Alishahiha et. al. in [24] . The After the calculations the butterfly velocities becomes
which consists with eq. (22) in [24] when α = T = 0. The second velocity is real if 
Conclusions
In this paper we continue previous work [33] to study the butterfly velocity in general quadratic gravity with Lagrangian L = αR µνσρ R µνσρ + βR µν R µν + γR 2 + L matter . Contrast to the case of Gauss-Bonnet theory, in which α = γ = − β 4 , the quadratic gravity can correct the shock wave equation. After the detailed tensor calculations the general formula of shock wave equation in the general anisotropic spacetime is derived. We use the formula to prove that in the Ddimensional planar, spherical or hyperbolic black hole spacetime the shock wave equation in the Einstein-Gauss-Bonnet gravity has the same form as that in Einstein gravity only if the space is isotropic.
We consider the example of a simple spacetime, which is the solution in leading order of α, β and γ. We obtain a simple formula of butterfly velocity in eq.(9.27) and eq. (9.28) . Using the formula we find that the fourth-derivative shock wave equation therein could lead to two butterfly velocities if and only if 4α + β < 0. We also see that the D=4 planar black hole does not give correction to the butterfly velocity in the quadratic gravity with β + 4α = 0, which includes the R 2 gravity. We also see that, depending on the values of α, β, γ, and the black-hole shape the velocity correction from the quadratic gravity may be from positive to negative or from negative to positive while increasing the temperature.
Since our formula collected in section 7 is very general it can be applied to general anisotropic space with arbitrary matter fields. While the application in section 9 is in simple isotropic space it is interesting to applied it to more complex space with matters and see how the butterfly velocity will be in there. It is hoped that our formula is helpful in studying the butterfly velocity in quadratic gravity.
We make two comments to conclude this paper. 1. Why the shock wave equation of Einstein gravity does not be modified in the GaussBonnet gravity with any matters for the planar, spherical or hyperbolic black hole spacetime in the case of isotropic space ? 2. It is known that the bound (KSS) violation of viscosity in higher derivative gravity have been explained to relate to the Weyl anomaly and central charge [38, 39, 41] . So, does butterfly velocity corrected by higher derivative gravity has any simple explanation? The investigations in [24] and [27] had related it to the conformal dimension and central charge. The more general property is worthy to be studied in detain.
The answers to the problems could help us to understand the intrinsic properties of the quantum chaos. 
A Exact
and all other components are exact zero. Note the notation= is used to represent the value that calculated on the horizon while the notation =: is used to emphasize that the relation has not yet been put on horizon. Values of not being on horizon are necessary in some calculations. Properties of δΓ a bc : Non-trivial values of the Christoffel symbols δΓ a bc are
Properties of ∇ a ∇ b δg cd : On the horizon the non-zero values of ∇ a ∇ b δg cd are
where∇ i is the covariant derivative in the space with metricḡ (S) ij . Substituting above relations into eq.(4.10) we can obtain the propositions 3 and 4.
We also need the relation
and we have used the following property :
It is interesting to note that despite δg U U is not a scalar field we find a simple relation
The properties of δg ab = δg U U δ U a δ U a and metric form in (3.7) are the necessary conditions to have the above relation.
D Exact Forms of R ab , R, δR ab and δR
We need the following exact forms, which are off the horizon, to find formulas 5 and formula 6.
in which we useR (S) ij andR (S) to denote the curvature evaluated in the metric ds 2 =ḡ (S) ij (x)dx i dx j . Note that d (S) =ḡ ij(S)ḡ (S) ij is the dimension of space dx i (S) in (3.7). On the horizon above results reduce to proposition 2. We use the following expansion
Next, we expand δ( R U U ) = (δ )R U U + (δR U U ) (E. The second term becomes Collecting all we then find the formula 5.
E.2 Calculation of δ(∇ V ∇ U R)
We make following expansion
Using the values of R and δR in (D.6) and (D.10) above three terms become
• (δΓ
where∂ i =ḡ ij∂ j . Collecting all we then find the formula 6.
